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Abstract 
Nonlinearities in designing aircraft are inevitable. It is necessary to investigate the effects of them on the dynamic response. The 
aeroelastic dynamic model with freeplay nonlinearity in pitch degree of freedom is established with the Theodorsen aerodynamic 
model. The harmonic balance method is employed to obtain the flutter boundary. Then the nonlinear responses and the stability 
characteristic are studied by using the time marching aeroelastic method. The effects of the initial displacement in pitch degree of 
freedom and the gap size on the LCO characteristics are investigated. Results show that the appearance of the LCO depends on 
the initial condition and the flow speed. The velocity range for the existence of the LCO and the LCO amplitude are related to the 
freeplay gap. 
© 2014 The Authors. Published by Elsevier Ltd. 
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1. Introduction 
Aircraft flutter is a type of self-oscillation, which is a dynamic instability with the interaction of aerodynamic, 
elastic and inertia forces [1]. The instability may lead to the destruction of the aircraft structure. When the 
nonlinearity is introduced into a two-dimensional airfoil system, the Hopf bifurcation, limit cycle oscillation and 
chaos may appear. Therefore, the nonlinear aeroelastic analysis has become a very important research area. Three 
classical nonlinearities, namely, cubic, freeplay and hysteresis are studied in [2]. 
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With the development of the aircraft design technology, the structure with nonlinearity becomes inevitable. 
Theoretical and experimental studies on the aeroelastic systems with freeplay nonlinearity have been implemented 
by many researchers. A two-dimensional airfoil with freeplay nonlinearity in pitch degree of freedom was studied in 
the subsonic flow region, and the aeroelastic responses involving limit cycle oscillation and chaotic motion were 
observed [3]. A three-part procedure to ensure the full bifurcation behavior of an aeroelastic system with freeplay 
was proposed by Dimitriadis [4]. The nonlinear stability analyses of a three-degree-of-freedom typical-section airfoil 
with freeplay were conducted in [5], limit-cycle amplitudes predicted by the describing function method were shown 
to compare very well with the magnitudes of time-history responses. The aeroelastic responses of a missile control 
surface with freeplay were investigated using describing function method (DFM) in [6], and the results showed the 
LCOs could be obtained at velocities below the linear flutter velocity. The describing function method, classified as 
a frequency response method, is effective in determining the stability boundary of nonlinear systems, which neglects 
the effect of harmonics in the system [7]. 
In the present study, the aeroelastic characteristic of a wing with preload asymmetry freeplay is investigated using 
the frequency domain flutter method and the time marching aeroelastic solution. The stability boundary of the 
system is obtained, and the effects of the gap and the initial condition on the LCO characteristics are also studied. 
 
Nomenclature 
b           airfoil semi-chord length 
  a           non-dimensional distance from airfoil mid-chord to elastic axis, positive behind midchord 
P          airfoil/air mass ratio,  2m bP SU  
hZ  uncoupled natural frequencies in plunge, h hK mZ   
DZ  uncoupled natural frequencies in pitch, K ID D DZ   
DF        non-dimensional distance from the airfoil elastic axis to the centre of mass,  S mbD DF   
rD         radius of gyration about the elastic axis,  2 2r mbID D  
2. Aeroelastic systems with preload freeplay 
2.1. Equations of Motion 
The freeplay stiffness is assumed in the pitch degree of freedom. A schematic of the typical airfoil section with 
freeplay nonlinearity is shown in Fig. 1. There are two degrees of freedom, plunge h and pitchD .The elastic axis is 
located at a distance ab from the mid-chord. 
 
 
Fig. 1 Sketch of a two-dimensional airfoil 
 
The equations of motion for the airfoil aeroelastic model can be written as 
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where the left-hand side of the equations represents the structural components, and the right hand side represents the 
aerodynamic force, the dot denotes the real time derivatives, m is the total mass per unit span, SD is the airfoil static 
moment about the elastic axis, ID is the wing mass moment of inertia about elastic axis, hK is plunge spring constant,  M D is the non-linear stiffness term. 
The moment-rotation relationships of preload freeplay nonlinearity can be expressed as follows˖ 
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Where tE is the magnitude of the freeplay, pE is the preload displacement, KD is the torsional stiffness. The preload 
freeplay nonlinearity is shown in Fig. 2. 
 
 
Fig. 2 Schematic of the preload freeplay nonlinearity 
2.2. Aerodynamic Loads 
The Theodorsen function is used to model the aerodynamic lift and moment. When the motion is simple 
harmonic, e.g. in the linear critical flutter case, the unsteady force and moment are calculated using the linearized 
thin airfoil theory and expressed as 
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(3) 
Where U is the air density,V is the air speed, b is the airfoil semi-chord, a is the non-dimensional distance from 
airfoil mid-chord to elastic axis, k is the reduced frequency,  C k is the Theodorsen function for unsteady 
aerodynamics. 
2.3. The equivalent linearization of the nonlinear stiffness 
The response of the system with freeplay nonlinearity can be expressed as 
                                                                     0( ) sin Ft A tD D Z                                                                                (4) 
Where D is the initial displacement, A is the limit cycle oscillation amplitude. 
Considering the fundamental harmonic is predominant in the flutter oscillation, the output can be expressed as 
                                               0 1 2( ) sin cosF FM t M M t M tD Z Z                                                    (5) 
substitute the expression of D   in Eq.(4) into  M D  in Eq.(2) and Eq.(5), and the equivalent stiffness can be 
solved using the harmonic balance method, when the initial displacement D  can be ignored, the equivalent stiffness 
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can be written as 
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3. Results and discussion 
The flutter boundary of the nonlinear flutter system is obtained using the frequency domain flutter method. The 
response and the phase plane in pitch can be acquired in the time marching aeroelastic method. 
The structural parameters of the nonlinear system are listed in Table 1. The linear critical flutter velocity of the 
model is 41.29m/s [8]. 
Table 1 System parameters used in simulation 
Parameter b a  DU     
Value 0.254 -0.15 0.25 0.62 55.9 90.65 76 
3.1. The stability of the system 
The stability boundary of the system can be obtained using the frequency domain flutter method. First of all, 
choosing certain steady limit cycle oscillation amplitude A, then the equivalent stiffness can be calculated according 
to the Eq. (6), the critical flutter velocity FV can be obtained by using V-g method. For each specified amplitude, the 
corresponding flutter velocity is calculated. The flutter boundary can be drawn in Fig. 3.  
Fig. 3 shows that the critical flutter velocity of the nonlinear system is below the linear critical flutter velocity. 
When the response amplitude is smaller than the magnitude of the freeplay, the critical velocity decreases as the 
increasing of the amplitude, and the system is unstable. When the LCO amplitude is bigger than the magnitude of 
the freeplay, the critical velocity increases as the amplitude increases, and the system is stable. The critical flutter 
velocity of the nonlinear system decreases due to the freeplay nonlinearity. However, the existence of the LCO 
avoids the abrupt destruction of the flutter. 
 
 
Fig. 3 The flutter boundary curve 
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3.2. The aeroelastic responses of the system 
Translate the governing equation (1) into Laplace domain, the time history and phase plane diagram of the 
system in pitch degree of freedom can be obtained using the time marching aeroelastic method. 
The parameters of the freeplay are given as o op=2 =0.1tE Eˈ . When an initial displacement in pitch is 0.08deg, 
1.8deg, 3.0deg, the time history and phase plane of the system in the pitch degree are shown in Fig. 4 to Fig. 6. 
When the initial displacement 0D  is 0.08 deg, the system moves from the decay to flutter, and the LCOs don’t 
appear. When the initial displacement 0D  is 1.8  deg or 3.0  deg, the system experiences the decaying, the LCO and 
the flutter. The aeroelastic system doesn’t give rise to the LCO until the value of the initial displacement 0D is larger 
than 0.1 deg. Therefore, the limit cycle oscillation occurs at a certain velocity only when the initial displacement in 
pitch is larger than the size of the preload freeplay. From Fig. 5(a) and Fig. 5(b), the results present that at the same 
initial condition, the LCO amplitude increases with the rise of the flow velocity. The Fig. 5(a) and Fig. 6(a) show 
that at the same flow velocity, when the LCO appears, the initial displacement in pitch degree doesn’t affect the 
LCO amplitude. 
    
a˅ 32m/sV                                                  b˅ 40m/sV                                                         c)  41m/sV   
Fig. 4 The time history and phase plane of the system in pitch when
R
  D  
      
a˅ 32m/sV                                                  b˅ 40m/sV                                                          c)  41m/sV   
 Fig. 5 The time history and phase plane of the system in pitch when
o
0 1.8D    
3.3. Effects of the freeplay 
When the initial displacement in pitch is 3deg, the size of the freeplay is 0.5deg, 1.0deg, 2.0deg, 4.0deg, the 
velocity range and the amplitude of the LCO at the air speed V= 40m/s are shown in table 2. The results show that 
the velocity range of the LCO becomes wider as the increasing of the freeplay gap at the same preload freeplay and 
the initial condition. From Table 2, we can also conclude that at the same flow velocity, the amplitude of the LCO 
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increases with the increasing of the freeplay.  
 
                 a˅ 32m/sV                                          b˅ 40m/sV                                                 c)  41m/sV   
Fig. 6 The time history and phase plane of the system in pitch when
o
0 3 D  
Table 2 The velocity range and the amplitude of the LCO 
The magnitude of the freeplay 
tE (deg) 
The velocity range of the 
LCOs( m/s) 
The max amplitude at V=40m/s  
(rad) 
The min amplitude at V=40m/s   
(rad) 
0.5 [34,40] 0.136 -0.121 
1.0 [33,40] 0.272 -0.262 
2.0 [32,40] 0.537 -0.484 
4.0 [27,40] 1.088 -0.983 
4. Conclusions 
In this study, the aeroelastic characteristics of an airfoil with preload freeplay are investigated. The critical flutter 
velocity of the system decreases because of the freeplay nonlinearity. However, the freeplay shows some beneficial 
effect on avoiding the abrupt destruction of the flutter. The characteristic of the LCOs is studied. The primary 
conclusions can be summarized as follows: 
(1) The LCO occurs when the initial displacement in pitch is larger than the size of preload freeplay. 
(2) The amplitude of the LCO is related to the flow velocity and is not sensitive to the initial condition.  
(3) The velocity range for the existence of the LCO and the LCO amplitude at the same air velocity increase with 
the increasing of the freeplay. 
For the steady limit cycle flutter with the small amplitude, only if not bringing fatigue damage, it meets 
requirement in engineering. Controlling the amplitude of the LCO though decreasing the magnitude of the freeplay 
can avoid the destructive damage.  
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